In this paper, we discuss the structure and representability of the automorphism group functor of the N = 4 Lie conformal superalgebra over an algebraically closed field k of characteristic zero.
Furthermore, the non-abelian cohomology set H 1 (S/R, Aut(A) R ) is related to some objects in algebraic geometry. Concretely, if R = (k[t ±1 ], Interestingly, it is not only the cohomology sets that are closely related to an affine group scheme G, but the group functor Aut(A) is as well. For the N = 1, 2, 3 Lie conformal superalgebra K N , Aut(K N ) has a subgroup functor GrAut(K N ) such that GrAut(K N )(R) = Aut(K N )(R) for R = (R, δ) with R an integral domain (see [1] ). The explicit structure of GrAut(K N ) was obtained in [1, Theorem 3.1]: GrAut(K N ) is the group functor obtained by lifting the k-group scheme O N of N × N -orthogonal matrices via the forgetful functor fgt : k-drng → k-rng, R = (R, δ) → R, i.e.,
We call a functor from k-drng to grp forgetfully representable if it is obtained by lifting a k-group scheme using the forgetful functor.
In this paper, we focus on the automorphism group functor Aut(F ) of the N = 4 Lie conformal superalgebra F (the explicit definition will be given in Section 2). We will define the subgroup functor GrAut(F ) of Aut(F ) in Section 2, and show that GrAut(F )(R) = Aut(F )(R) for R = (R, δ) with R an integral domain in Section 4.
In Section 3, we study the subgroup functor GrAut(F ) by explicitly computing its R-points. We obtain that, for every k-differential ring R = (R, δ), GrAut(F )(R) fits into the following exact sequence of groups:
where R 0 = ker δ, µ 2 and SL 2 are the k-group scheme of square roots of 1 and 2 × 2-matrices with determinant 1, respectively. Moreover, the above exact sequence is functorial in R. The homomorphism ι R fails to be surjective in general, but it still has properties similar to that of a quotient morphism of affine group schemes over k (Proposition 3.4 and 3.5). To our surprise, GrAut(F ) is not forgetfully representable. We will discuss the representability of group functors involved in the above exact sequence.
In Section 5, we will show using an example that the definition of the subgroup functor GrAut(A) of a Lie conformal superalgebra A depends on the choice of generators of A.
Notation: Throughout this paper, Z, Z + , and Q denote the complex numbers, integers, non-negative integers, and rational numbers, respectively.
We will always assume k is an algebraically closed field of characteristic zero, i is √ −1 ∈ k, and k[∂] is the polynomial ring over k in one variable ∂. We will use ǫ ijl to denote the sign of a cycle (ijl). For a commutative associative k-algebra R, R 2×2 will denotes the set of all 2 × 2-matrices with entries in R.
Preliminaries
In this section, we will review some basic concepts of Lie conformal superalgebras over k, their base change with respect to an extension of k-differential rings, and their automorphism group functors. We then describe the N = 4 Lie conformal superalgebra using generators and relations. We also introduce some notation to simplify our computations for automorphism groups. 
where
is the parity of a (resp. b).
We also use the conventional λ-bracket notation:
where λ is a variable and a, b ∈ A. Given a Lie conformal superalgebra A over k and a k-differential ring R = (R, δ), we can form a new Lie conformal superalgebra A ⊗ k R (the base change of A with respect to k → R) as follows: The underlying Z/2Z-graded k-vector space of A⊗ k R is A⊗ k R, the k[∂]-module structure is given by ∂ A⊗ k R = ∂ A ⊗1+1⊗δ, and the n-th product for each n ∈ Z + is given by:
where a, b ∈ A, r, s ∈ R and δ (j) = δ j /j!. It is pointed out in [9] that A ⊗ k R is not only a Lie conformal superalgebra over k, but also an R-Lie conformal superalgebra ([9, definition 1.3]). The R-structure yields the definition of its R-automorphisms: an R-automorphism of A ⊗ k R is an automorphism of the Z/2Z-graded R-module A ⊗ k R which preserves all n-th products and commutes with ∂ A⊗ k R . All R-automorphisms of A ⊗ k R form a group, denoted by Aut R-conf (A ⊗ k R). These automorphism groups are functorial in R. Hence, they define a functor from the category of k-differential rings to the category of groups:
It is called the automorphism group functor of A.
In this paper, we focus on the N = 4 Lie conformal superalgebra F . As a Z/2Z-graded k[∂]-module, F = F0 ⊕ F1, where
where i, j = 1, 2, 3, p, q = 1, 2 and σ i , i = 1, 2, 3 are the Pauli spin matrices:
The even part F0 has a sub Lie conformal algebra
which is isomorphic to the current Lie conformal algebra 1 Cur(sl 2 (k)). Analogous to the cases where N = 1, 2, 3, the automorphism group functor Aut(F ) has a subgroup functor GrAut(F ) defined as follows: fix the k-vector space
and define a subgroup of Aut(A)(R) for each k-differential ring R = (R, δ):
This construction is functorial in R.
To simplify computations for these automorphism groups, we write ∂ = ∂ F ⊗ k R for short and introduce the following notation: for r ∈ R, X = x y z −x ∈ sl 2 (R) and
Then every element of V (resp. V ⊗ R) can be written as
where r ∈ k, X ∈ sl 2 (k), M ∈ k 2×2 (resp. r ∈ R, X ∈ sl 2 (R), M ∈ R 2×2 ). Furthermore, the λ-bracket on L ⊗ k R satisfies the following relations: for r, r ′ ∈ R, X, X 1 , X 2 ∈ sl 2 (R), and
where tr : R 2×2 → R is the trace map, and
The group functor GrAut(F )
We will compute the group GrAut(F )(R) for a k-differential ring R = (R, δ) in this section. The main results will be Theorem 3.3, Proposition 3.4 and 3.5.
Lemma 3.1. For an arbitrary k-differential ring R = (R, δ), there is a group homomorphism
where R 0 = ker δ, and θ A,B is the R-automorphism of F ⊗ k R defined by
In addition, the homomorphism ι R is functorial in R.
Proof. These formulas define a homomorphism θ A,B of R-modules V ⊗ k R → V ⊗ k R. It yields a homomorphism of R-modules F ⊗ k R → F ⊗ k R which preserves the Z/2Z-grading and satisfies
This map is also denoted by θ A,B .
To show θ A,B is a homomorphism of Lie conformal superalgebras, by lemma 3.1 (ii) in [9] , it suffices to show
for all ξ, η ∈ V . This can be accomplished by a direct computation. For instance, let M, N ∈ k 2×2 , then
A straightforward computation shows that
•
, where I is the identity matrix.
Similarly, it is easy to check that equation (1) holds for all ξ, η ∈ V . Hence, θ A is a homomorphism of R-Lie conformal superalgebras. Then θ A,B • θ A −1 ,B −1 = θ A −1 ,B −1 • θ A,B = id F implies that θ A,B is an automorphism of the R-Lie conformal superalgebra F ⊗ k R. Thus, we obtain θ A,B ∈ GrAut(F )(R) as
To prove (A, B) → θ A,B defines a group homomorphism, it suffices to show θ A1A2,B1B2 = θ A1,B1 • θ A2,B2 for A 1 , A 2 ∈ SL 2 (R), B 1 , B 2 ∈ SL 2 (R 0 ). By [9, Proposition 3.1], this can be easily done by checking
In summary, we obtain a group homomorphism
for each k-differential ring R which is functorial in R.
where R 0 = ker δ. Additionally, these isomorphisms are functorial in R.
Proof. Let (A, B) ∈ ker(ι R ), where A ∈ SL 2 (R) and B ∈ SL 2 (R 0 ). Since θ A,B = id,
for all X ∈ sl 2 (k). Hence, AX = XA for all X ∈ sl 2 (k). It follows that A = aI for some a ∈ µ 2 (R). Then
, and so B = aI and a ∈ R 0 as B ∈ SL 2 (R 0 ). Therefore, (A, B) = (aI, aI) for a ∈ µ 2 (R 0 ).
Conversely, for a ∈ µ 2 (R 0 ), it can be checked that (aI, aI) ∈ ker(ι R ). Hence, ker(ι R ) ∼ = µ 2 (R 0 ).
From lemmas 3.1-3.2, we obtain the following theorem:
, there is an exact sequence of groups
where R 0 = ker δ. Furthermore, the exact sequence is functorial in R.
In general, ι R fails to be surjective. However, it has properties analogous to the universal surjectivity of the quotient morphisms of k-group schemes. More precisely, we have the following Proposition 3.4 and 3.5. We call an extension R = (R, δ R ) → S = (S, δ S ) of k-differential ringsétale if the homomorphism R → S of rings isétale. Proposition 3.4. Let R = (R, δ R ) be a k-differential ring with R an integral domain. For every ϕ ∈ GrAut(F )(R), there is anétale extension S = (S, δ S ) of R, an element A ∈ SL 2 (S), and an element B ∈ SL 2 (S 0 ) such that ι S (A, B) = θ A,B = ϕ S , where S 0 = ker δ S , and ϕ S is the image of ϕ under GrAut(F )(R) → GrAut(F )(S).
Proof. We first write ϕ(L) = L(r) + T(X 0 ), where r ∈ R, X 0 ∈ sl 2 (R). Then
] that r 2 = r and rX 0 = X 0 . Since R is an integral domain, r = 0 or 1. If r = 0, we obtain X 0 = rX 0 = 0, and so ϕ(L) = 0. This contradicts the injectivity of ϕ. Hence,
Next we write ϕ(
Recall that F0 has a subalgebra
, which is isomorphic to Cur(sl 2 (k)). Thus B ⊗ k R ∼ = Cur(sl 2 (k)) ⊗ k R as R-Lie conformal superalgebras. By corollary 3.17 of [9] , there is an R-linear automorphism ϕ of the Lie algebra sl 2 (k) ⊗ k R = sl 2 (R) such that ϕ(T(X)) = T(ϕ(X)) for all X ∈ sl 2 (R).
It is known that SL 2 (R) acts on sl 2 (k)⊗ k R functorially via conjugation and there is a quotient morphism π : SL 2 → Aut(sl 2 (k)) of k-group schemes. From [2, III, §1, 2.8 and 3.2], there exist anétale extension S of R and A ∈ SL 2 (S) such that ϕ S (X) = AXA −1 , X ∈ sl 2 (S).
Since R → S is anétale ring homomorphism, by [3, Lemma 1.16] , there is an unique k-derivation δ S of S extending δ R . Hence, S = (S, δ S ) is anétale extension of R. Now we consider the image ϕ S of ϕ in GrAut(F )(S). From (3) and (4), we obtain
Hence, a direct computation shows that
A,I . Then ψ ∈ GrAut(F )(S) and ψ| F0⊗ k S = id. Next we consider ψ| F1⊗ k S . Suppose
where ν : S 2×2 → S 2×2 is a bijective S-linear map. Now we deduce from
that X · ν(M ) = ν(XM ) for all X ∈ sl 2 (S) and M ∈ S 2×2 . Then a straightforward computation shows that there is an element B ∈ GL 2 (S) such that
It follows that det(B −1 ) = 1, so B ∈ SL 2 (S). For M ∈ k 2×2 , we consider
These yield that δ(B −1 ) = 0, and so B ∈ SL 2 (S 0 ). Therefore, ψ = ϕ S • θ −1
Proposition 3.5. Let R = (R, δ) be a k-differential ring. If R is an integral domain and theétale cohomology set H 1 et (R, µ 2 ) is trivial, then ι R is surjective. Proof. Given ϕ ∈ GrAut(F )(R), as in Proposition 3.4, its restriction to B ⊗ k R yields an R-linear automorphism ϕ of the Lie algebra
. It is known that there is an short exact sequence of k-group schemes
which yields a long exact sequences:
Hence, the triviality of H 1 et (R, µ 2 ) yields that ϕ is the image of an element A ∈ SL 2 (R). i.e., ϕ(T(X)) = AXA −1 , X ∈ sl 2 (R).
Then the proof of this proposition can be completed by similar arguments as in Proposition 3.4.
To conclude this section, we discuss the representability of group functors involved in the exact sequence (2). Recall that both SL 2 and µ 2 are affine group schemes over k (representable functors from k-rng to grp). More precisely, However, the group functor R = (R, δ) → SL 2 (R 0 ), R 0 = ker δ fails to be forgetfully representable. Theorem 3.3 suggests that we should consider the functor 2 :
cst : k-drng → k-rng, R = (R, δ) → R 0 = ker(δ).
2 For a k-differential ring R = (R, δ), R 0 = ker δ is called the ring of constants of R [3] . Proof. Let R = (R, δ) be a k-differential ring and r ∈ µ fgt 2 (R), then r 2 = 1. Thus 2rδ(r) = 0, and so rδ(r) = 0, from which we obtain δ(r) = rrδ(r) = 0, i.e., r ∈ R 0 . This yields that r ∈ µ 2 (R 0 ) = µ 
The group functor Aut(F )
In this section, we consider the relation between Aut(F ) and GrAut(F ).
